For a module M over a local Cohen-Macaulay ring R we develop a (finite) sequence of presentations of M which facilitates the study of invariants arising from the cohomology modules of M. As an application we use this data, in case R is regular and M represents a vector bundle on the punctured spectrum of R with a vanishing cohomology module, to obtain bounds on how far M can be lifted as a vector bundle.
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Abstract.
For a module M over a local Cohen-Macaulay ring R we develop a (finite) sequence of presentations of M which facilitates the study of invariants arising from the cohomology modules of M. As an application we use this data, in case R is regular and M represents a vector bundle on the punctured spectrum of R with a vanishing cohomology module, to obtain bounds on how far M can be lifted as a vector bundle.
In an earlier article [5] we used the dual of a filtration of Auslander and Bridger [1] to obtain some results for nontrivial kth syzygies of rank k. In this article we establish a different method for filtering a module over a local Cohen-Macaulay ring, or more precisely a method for filtering a free presentation of a module (see discussion following Theorem 1.8). This filtration is accomplished through a finite sequence of presentations.
To be specific, let R be a local Cohen-Macaulay ring and let M be a finitely generated R-module such that depth(Ext'(M, R))> i for all ; less than or equal to the dimension of R. In Theorem 1.2 we establish an exact sequence, which we term a q th presentation of M, 0 ^X~q(M) ^tfq(M) -* M^O, such that the projective dimension of Ofq(M) is less than q and such that Ext'(é'q(M), R) is zero for /' from one through q. In addition we establish uniqueness results (see Corollary 1.6 and Theorem 1.7) in the sense of stable isomorphism. As a consequence we recapture a variation of our main result in [6] without the assumptions on rank or the existence of maximal Cohen-Macaulay modules. We also show, if R is Gorenstein, that the intermediate cohomology of a module is always carried by a module of finite projective dimension (see Corollary 1.9).
In §2 we turn our attention to the lifting of vector bundles on the punctured spectra of regular local rings and achieve a substantial improvement over our results in [5] . In particular, if p¡(M) denotes the rank of the ¿th syzygy of Ext'(M, R) for / > 0, we show that a nontrivial vector bundle M with Extg(M, R) zero for some q in the range 1 < q < dim R -2, cannot be lifted more than YZ'/=oPi(M) times. For a complete discussion of the projective case the reader should consult Barth and Van de Ven [2] , Sato [12] and Tyurin [14] . For additional information on this problem one should consult Hartshorne [7] , our papers [4, 5] and the fundamental paper [9] by Horrocks.
1. The filtration. Serre in [13] and later Murthy in [11] use the following construction. Let M be a finitely generated R-module of projective dimension one. Then there is an exact sequence 0^R"-£-^Af^0 in which the map Hom(R", R) -» Ext^M, R) is surjective. One concludes that Extx(E, R) is zero and hence, since the projective dimension of E is at most one, that E is projective. If one drops the requirement that M has projective dimension one, then one can nevertheless construct such a sequence where Extl(E, R) is zero. This is the case q = 1 of our construction. We utilized this construction implicitly (for q = 1) in our article with Bruns [3, Lemma 2.1]. We present the full details here in order to give the flavor of our subsequent construction. Lemma 1.1. Let R be a local ring and let M be a finitely generated R-module with Ext'( M, R) generated by n elements. is less than q and Ext'(cfq(M), R) is zero for 1 < i < q.
Proof. We proceed by induction on q. The case q = 1 is equivalent to Lemma 1.1.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use be an exact sequence with the F, free /v-modules and with S X(M) already constructed with the desired properties. Then Extq(M, R) is isomorphic to Extq(S X(M), R). By a dimension shift we see that Extq(M, R) is isomorphic to Extl(K, R). We apply the case q = 1 to K and obtain a diagram
where Jfx(K) is R", the integer n being the number of generators of Ext1^, R). Dualizing with respect to R and using that Ext'(<? i(Ai), R) = 0 for 1 < i < q -1, we obtain the diagram Proof. We consider the following pullback diagram:
Clearly it suffices to show the middle row and column of the above diagram are split exact sequences. This is an immediate consequence of the following lemma.
Lemma 1.5. Let R be a local ring and suppose A and B are finitely generated R-modules such that the projective dimension of A is less than k and Ext'(B, R) = 0 for 1 < i < k. Then Ext'(B, A) = 0 for 1 < ¿< k -pd A. (pd A denotes the projective dimension of A.) Proof.
We proceed by induction on the projective dimension of A. The case pd A = 0 is immediate.
Let pd A = n > 0 and let 0 -» K -* F -> A -> 0 be an exact sequence with F a finitely generated free R-module. Applying the functor Hom(R,-) and taking the long exact sequence in cohomology yields the exact sequence
for each ¿ ^ 1. If 1 < /' < k -pd A, then 2 < /' + 1 < k -pd K. So by induction Exti+\B, K) = 0. Now ExV(B, F) = 0 since F is free and Ext'(R, R) = 0. Thus Ext'(5, A) = 0.
We now prove a stronger uniqueness which you would expect for the analogue of a free resolution. In the following theorem we collect some properties of these presentations. Theorem 1.8. Let R be a local Cohen-Macaulay ring and let M be a finitely generated R-module. . This is moderately surprising since our proof there uses our syzygy theorem [4] which in turn uses Hochster's big Cohen-Macaulay modules [8] , while the result below only uses Theorem 1.2. However, it should be stressed that we do not recover the full generality of [6, Theorem 2.1] but only the case of a vector bundle and without the minimality implicit in the earlier result.
In Corollary 1.10 as well as the next section we need to make use of Matlis duality. For an R-module L, the Matlis dual of L is Hom(L, /), where / is the injective envelope of the residue field of R. We use the notation Lv to indicate the dual module Hom(L, /). If L is an Artinian module, then L is naturally isomorphic to L1'". Corollary 1.10. Let R be a regular local ring of dimension n with n > 4. Let M be a kth syzygy which is not a (k + l)th syzygy, for 2 < k < n -2, which represents a vector bundle on the punctured spectrum of R. Then in the (n -k -l)th presentation Jfi:_k_x(M) is a n -(n -k -2) = (k + 2)th syzygy and Sn_k_x(M) is a Â:th syzygy of Ext"~k(Sn_k_x(M), R)" (see discussion of Horrocks and Matlis duality in §2) which is isomorphic to Ext"~k(M, R)". However, the duality of Horrocks [9] yields that Ext"~k(M, R)" = Extk~{(M*, R), which is nonzero because M is not a (k + l)th syzygy.
2. Lifting vector bundles. Throughout this section R will denote a regular local ring of dimension n with n > 3. We also assume that R contains a field in order that we may apply our results in [4, 5] . The R-module Af will be finitely generated and reflexive and will denote a vector bundle on the punctured spectrum of R, that is, MP is a free R^-module for each nonmaximal prime ideal P of R. We shall use 5 to denote a regular local ring with parameter t such that S/tS = R.
If there is a finitely generated reflexive S-module M, which is a vector bundle on the punctured spectrum of S, such that (M'/tM')** is isomorphic to M (the double dual here is taken with respect to R), then we say that M lifts as a bundle to S. Horrocks [10] has asked if a bundle which lifts to arbitrarily high dimension must be trivial, that is, must the module M be free? (For an affirmative answer in the case of projective space see [2, 12, 14] .) In [5] we have established this fact in case Ext'( Af, R) vanishes for i = 1 or i = 2. In this section we extend this result to include any i for 2 < i < n -3. Hence in view of the duality of Horrocks [9] and our result [5, Theorem 2.5] we establish an affirmative answer to Horrocks' question in case any cohomology Ext'(M, R) vanishes for some i in the range 1 < i < n -2. Often we shall express these statements in terms of the sheaf cohomology of M on the punctured spectrum (viewing M as a vector bundle), and so we remind the reader of Horrocks' article [9] Our technique is to show that a lifting of M together with the vanishing of Ext'(M, R) for some /' with 2 < i < n -3, induces a lifting of X~¡(M). However, in this situation Jf¡(M) is at least a third syzygy and thus our result [5, Theorem 2.5] may be applied to Jf,(M). Furthermore we provide bounds derived from intrinsic data on Af as to how far one may expect to lift Af as a bundle.
The notation K indicates the reduction of an S-module K modulo the parameter t,
i.e., K = K/tK. We can now establish the bounds on the lifting of a vector bundle M having a vanishing cohomology module. We keep the notation of the previous discussion. Theorem 2.4. Let M be a nonfree, reflexive R-module which represents a vector bundle on the punctured spectrum ofR. If Hq(M*) = Extq(M, R) = 0 for some q with 1 < q < dim R -2, then M can be lifted at most E-CoP,( M) times.
Proof. If q = 0 or 1, then the result follows from our calculations in [5, Theorems 2.5 and 2.6]. So suppose that neither Ext^Af, R) nor Ext2(M, R) are zero, but that Extq(M, R) is zero for some q > 2. By duality with M * and the case q = 0 we may assume that q ^ dim R -4. By Theorem 1.8(c),Xq(M) cannot be free. However, by Corollary 2.2, we have that Xq(M) lifts every time that M does. From Lemma 2.3, Xq(M) has rank less than or equal to Y.qZr)p¡(M) (note pq(M) = 0) and has depth at least dim R -q + 1 > 3. Again we appeal to [5, Theorem 2.5] and find thatXq(M) cannot be lifted more than \£.q,ZoP,(M)] -(dim R -q + 1) times. Thus our argument is complete.
We remark that one could obtain finer bounds depending on which (or how many) Ext^Af, R) vanish. However these can readily be obtained if needed by combining Theorems 2.5 and 2.6 of [5] together with Corollary 2.2 and Lemma 2.3 in individual cases. We also remark that M lifts if and only if M* does, and moreover the cohomology modules are dual via Matlis duality. Thus one may restrict to the case of Ext?(Af, R) = 0 for q at most ¿(dim R + 1). This suggests that perhaps the number Ef_0p,(Af) is an upper bound for the number of times M can be lifted for general Af, where h is the greatest integer in ¿(dim R + 1).
Added in proof. We have recently learned that the existence of qth presentations (Theorem 1.2) and also Corollary 1.7 were first noted by Auslander and Bridger [1] .
